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Abstract

When we observe a point cloud in the Euclidean space, the persistent homology
of the upper level sets filtration of the density is one of the most important tools
to understand topological features of the data generating distribution. The per-
sistent homology of KDEs (kernel density estimators) for the density function is
a natural way to estimate the target quantity. In practice, however, calculating
the persistent homology of KDEs on d-dimensional Euclidean spaces requires a
grid-approximation for the ambient space, which is computationally expensive.
In this paper, we will consider the persistent homology of KDE filtrations on
Rips complexes as suggested by [Bobrowski et al.| [2014]. We will describe a
novel methodology to construct an asymptotic confidence set for the corresponding
persistence diagram by using the interleaving distance and the bootstrap. Unlike
existing procedures, our method does not heavily rely on grid-approximations and
scales to higher dimensions.

1 Introduction

When we observe data from a distribution P, the upper level sets Dy, := {p > L} of the density
function p reveal important topological features of the data generating distribution. For instance,
density-based clustering methods [[Hartigan, |1975} (1981} |Cadre, 2006, Rinaldo and Wasserman) 2010]]
use the information about connected components of a level set to group data points in the hope that
points in the same connected component share common characteristics. Rather than choosing a fixed
level, a cluster tree [Kim et al.l 2016, |[Eldridge et al.| 2015] |Balakrishnan et al.,|2013} |Chaudhuri and
Dasgupta, [2010] summarizes the hierarchy of high-density clusters at all levels simultaneously.

We can investigate topological features of level sets by their corresponding homology groups. For
example, the 0-th homology group of a level set contains information about connected components in
the level set. By using higher order homology groups, we can further characterize each connected
components. For instance, the rank of the 1-st homology group of each connected component counts
the number of one-dimensional holes.

Since different level sets could show different aspects of the data generating distribution, analyzing a
fixed level set might be not enough to understand the overall shape of the distribution. Alternatively,
as cluster trees show clusters at all levels, we can investigate changes in shapes by looking at all
possible level sets simultaneously,

{DL} R ¢))

Note that Dy, C Dy, for any L1 > Lg. Thus is called the level sets filtration of the density
function.

The persistent homology [Edelsbrunner and Harer, 2010, 2008}, |Zomorodian and Carlsson, [2005]]
quantifies topological features at multiple scales by computing a filtration of topological spaces. The
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persistent homology captures changes of homologies in filtrations simultaneously, see [Fasy et al.|
2014 Bobrowski et al., 2014] Phillips et al.,[2013}|Chung et al., [2009, Bubenik} 2015].

Since the density function is unknown, the persistent homology of the density function needs to be
estimated. One approach, as in|Fasy et al.|[2014], is to replace the level sets of unknown density
function by level sets of kernel density estimator (KDE) computed on a grid of points. Another
approach, as in|Bobrowski et al.|[2014]], is to use a different approximating filtration rather than using
the level sets of KDE.

Both methods have pros and cons. The first approach in |[Fasy et al.| [2014] yields more precise
estimation if we use a sufficiently fine grid approximation to calculate the persistent homology of
KDEs. The first approach also has several well-studied ways of computing confidence sets which
can be used to distinguish signal vs noise topological features, due to the well-known theoretical
behavior of the KDE. However, a fine grid approximation could be computational intractable when
the ambient space has large dimension. In contrast, the second approach in/Bobrowski et al.| [2014] is
computationally more efficient, in particular in higher dimension, because the persistent homology
is calculated on the data points only and it does not require a grid-approximation of the ambient
space. This feature of the second approach makes it possible to capture heterogeneous topological
features efficiently, and makes it easy to apply the method to more general settings. However, the
asymptotic behavior of the approximating filtration is more complicated, and hence confidence sets
for Bobrowski et al.|[2014] are not yet well-studied.

The goal of this paper is to use the estimator of the persistent homology of KDE filtrations on Rips
complexes proposed by [Bobrowski et al.| [2014] in order to construct a bootstrap-based confidence set
for the corresponding persistence diagram. Our method does not heavily rely on grid-approximations
and scales to higher dimensions.

1.1 Notation

Throughout the paper, we let X = RY. We denote by B(z,) the closed ball of radius » > 0 and
center x € R?. Let X, := {X1,...,X,} C X be the observed data. For a function f : X — R and
avalue L € R, we let X{ :={x € X: f(x) > L} be the upper level set of f at level L.

2 Background

This section is a brief introduction to homology and persistent homology. We mainly follow [Fasy et al.
[2014] and |[Bobrowski et al.| [2014]]. We refer to|Hatcher| [2002]] for a comprehensive explanation of
homology, and to [Edelsbrunner and Harer [2010] for theory and computation of persistent homology.

2.1 Homology of an abstract simplicial complex K

Definition 1. Ler V := {vp,v1, ..., v, } be a finite vertex set. An abstract simplicial complex K on
Vis a collection of subsets of V such that

1. e K
2. {v} €K for VYwveV
3. Ifce KandT Cothent C K

An element o of K is called a simplex or a face. For each o € K, the dimension of o is defined by
dim o := |o| — 1, and the dimension of K is defined by dim K := max{dimo : o € K}.

Definition 2. A p-chain of K is a formal sum ) c,0, where ¢, € Za, K, is the collection of
oceK,

dimension p simplices.

Definition 3. The set of p-chains of a simplicial complex K form a p-chain group

Cp(K) = {0101 +ten,on, 1 ¢ € Ly, 05 € Kyynyp = |Kp|}
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Definition 4. A boundary map 0, : C,(K) — Cp_1(K) is defined by

p

Op(0) = Oplvo, v1,...,0p] := Z[vo7 o3 U4y ..., 0p] and extend to Cp(K) linearly
i=0
where [vg, ..., V;,...,0p] is a (p — 1)-dimensional simplex obtained by removing v; in o.

We call 0,(C) (€ Cp—1(K)) a boundary of C (€ C,(K)), and say C is cycle if 9,(C) = 0.
Definition 5. Let Z,(K) := kerd, C C,(K) be the p-cycle group and B,(K) := Im0p11 C
Cp(K) be the p-boundary group. Now, the p-th homology group is defined by

HP(K) = ZP(K)/BP(K)

Note that it is well defined since 0,0,+1 = 0, and thus B,(K) C Z,(K). Each homology class
~v € Hp(K) corresponds to a p-dimensional cycle. Finally, we define the p-th Betti number by
Bp = rk(H,(K)). For instance, /3, is the number of connected component of K, 3; is the number
of one-dimensional holes in K, and 5 is the number of two-dimensional holes in K.

2.2 Computing homology from point clouds

In many applications, we cannot observe the topological space directly but only obtain (noisy) point

clouds fromit. Let r = (rq,...,r,) € R™ with 1, ..., 7, > 0, then one natural way to recover the
topological space of interest is to make a union of r;-balls centered at the data points X1, ..., X,
defined as
n
U B(xi,ri). 2
i=1

The corresponding simplicial complex is the Cech complex.

Definition 6. Let X',, C X andr € R* withry,...,ry, > 0. The Cech complex is the set of simplices
with o with vertices X,,,, ..., Xy, € Xy, such that

k
Cech(Xp, 1) := {a = (X, X ) 0 () B(Xn,omn,) # @}

i=1
The homology of the union of balls in (Z)) can be computed by the homology of the Cech complex by
the following Nerve Theorem.
Lemma 1 (Nerve Theorem). The Cech complex éech(X n,T) is homotopy equivalent to the union of
n
balls |J B(Xi,r;).
i=1

1=

Computing the Cech complex requires checking whether intersections of balls B (Xn,,Tn, ) are empty
or not. To save on computation time, we may instead check pairwise distances only and add 2- and
higher-dimensional simplices whenever we can. This leads to the Vietoris-Rips complex.

Definition 7. The Vietoris-Rips complex R(X,,,r) is defined by
R(Xp,r)i={0=[Xny, ., X, ]t | Xy = Xy || S 7y + 70, Vi £ §}

Note that the Cech complex and Vietoris-Rips complex have following interleaving inclusion rela-
tionship

Cech(X,,,7) C R(X,,r) C Cech(X,,2r)
In particular, when 7;’s are all the same, then the constant 2 can be tightened to V2

Cech(X,,,r) C R(X,,r) C Cech(X,,,V2r)
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2.3 Persistent homology

Choosing a suitable r in R(X,,,r) is difficult. Instead of choosing a fixed r, we can use several
R(X,,,r) simultaneously by using the filtration

0= R(X,, 7)) c R(X,,rP) - C RX,,r™) = R(X,,x)
In general, a filtration is a nested sequence of topological spaces.
@ZX()CXl CCXm:X

For instance, in many statistical applications, we are interested in the filtration of upper level sets of a

density function f : X — R where X := X£1 with Lo > Ly > --- > L,,. Inclusions in a filtration
naturally induce maps on the corresponding homology groups :

0= Hp(XO) — HP(XI) e, Hp(Xn) = HP(X) 3)

and also induce a natural group homomorphism %, : H,(X,) — H,(X;). In many cases, we
can successfully approximate the filtration in (3)) by using a suitable filtration of the corresponding
Vietoris-Rips complex in Definition

The persistent homology tracks when topological features are born and die. Formally, a homology
class v € H,(X) is said to be born at X if y is not in the image of 7, .. The same class y born
at X dies going into X if ¢ is the smallest index such that the class y is supported in the image of

D
Zs—l,t'

Definition 8. The persistent homology is the finite multi-set of pairs of births and deaths of homology
classes. Each pair of birth at s and death at t of homology class v can be visualized in the p-th
persistence diagram as a point (s, t).

2.4 Stability Theorem for functions

Let f,g : X — R be two functions. The stability theorem asserts that if f and g are close to each
other, then their corresponding persistent homologies PH.,(f) and PH,(g) are also close. We first
define the distance between two persistent homologies by using the bottleneck distance.

Definition 9. Ler X be a filtration. The k-th persistence diagram of X, denoted by Dgmy,(X) is the
set of all pairs (b, d) of birth-death times of features in PHy,(X). The bottleneck distance between
the persistent homology of the filtrations, X', ) is defined by

dp(PH(X), PHL(V)) = inf  sup  [|p = 7(p)l|oc,
€ pEngk(X)

where the set T consists of all the bijections v : Dgmy(X) U Diag — Dgmy(Y), and Diag is the
diagonal line {(x, ) : x € R} C R%

We impose a regularity condition for the functions f and g, which is tameness.

Definition 10. Let f : X — R. Then f is tame if H,(Xy) is of finite rank for all k € NU {0} and
LeR

For two tame functions f and g, their bottleneck distance is bounded by their /., distance, which is
known as the stability theorem.

Theorem 2 (Stability Theorem). (Edelsbrunner and Harer|[2010], |Chazal et al.|[2009]) For two
tame functions f,g: X = R,

dp(PH.(f), PH.(9)) < [|If = gllco-

The stability theorem bounds the difference between persistent homologies generated from sublevel
sets or superlevel sets of functions. When it comes to comparing two persistent homologies that are
not necessarily from level sets of functions, we need the Stability Theorem in more general algebraic
settings. In Appendix [A] we define persistence module, which is an algebraic abstraction of the
persistent homology, and then state the Stability Theorems on persistence modules.
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3 Definitions and Statistical model

Let X = {X1,...,X,} be an i.i.d. sample from a distribution P with Lebesgue density p. We
assume that the density function p satisfy assumption [T}

Assumption 1. Let p : R? — R be a density function of P with the following conditions:

1. supp(p) is bounded.
2. pis tame (see Definition[I0).

3. Pmazx ‘= supp(:C) < +00.
zeX

For estimating the density p, we use the kernel density estimator (KDE), which smooths out the
empirical measure by a kernel function K : R? — R. Let the kernel function K satisfy Assumption

Assumption 2. The kernel function K : R® — R is a nonnegative function with the following
conditions:

1. supp(K) C B(0,1),
2. [K(z)dz =1.

Then for h > 0, the kernel density estimator is defined as

—~ 1 - {,C—Xi
i=1

Let pj, : R — R be the pointwise average of the kernel density estimator, i.e. py,(z) := E[py(z)].
Our target of inference is the persistent homology of p;,, denoted as PH..(p;, ). More formally, Let
the upper level set of p;, be

Dp:={ze R : py(x) > L}. 4)
Then PH. (py,) is the persistent homology of the filtration
{DL}LGR . 4

4 Confidence set for persistent homology for filtration on Rips complex

In this section, we build a confidence set of the persistent homology PH. (py,) of the density level set
filtration. We first consider the general form of a valid asymptotic confidence set and its equivalent
condition, and then we consider two implementations using this general form.

A confidence set of the persistent homology PH, (py,) is a random set of persistent homologies that
contains PH., (p;,) with some probability. Specifically, for given o € (0,1), a valid 1 — « level

asymptotic confidence set of PH, (py,) is a random set C,, satisfying
limsupP(PH, (py) € Co) > 1 — .
n—oo
We construct the confidence set éa by considering an appropriate estimator PH, (py, ) for the persistent

homology PH.,(p;,), and then consider all persistent homologies within ¢,, for some ¢,, > 0. Hence
the confidence set becomes

C., = {7> . dp (P,Pm)) < cn},

where both Pﬁ*(?h) and radius ¢,, are functions of X1, ..., X,,. Then note that PH,.(py) € éa
holds if and only if

dp (PH.(pn), PH. (1) ) < cn.
Hence CA'Q is a valid 1 — o asymptotic confidence set if and only if

lim supP (dB (PH/*@), PH, (ph)> < cn) >1—aq.

n—00
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We first construct the persistent homology estimator by using a kernel density estimator as proposed
by Bobrowski et al.[[2014]. Then we further approximate the estimator by considering Cech and Rips
complexes, and then build the confidence sets from them.

First, we estimate the persistent homology of pj by building up the approximating filtration where
each upper level set is replaced by the union of closed balls around the sample points of high density.
Formally, for h > 0 and r = (rq,...,7,) € R with r1,...,7, > 0, we define the upper level set

estimator Dy (1) as

U B(Xi,ri), Ip={i€n]:pn(X;)>L} ifL>0
Dp(r):= ey (6)
RrR? if L <0.

Then we build up the approximating filtration as

(i)

and let PH, (pp,, r) be the corresponding persistent homology. Then we can use PH, (py, r) as the
persistent homology estimator PH, (py, ), due to the following stability theorem.
Theorem 3. Suppose Assumption|l|holds for the density function p and Assumption |2\ holds for the

kernel function K. For any given h > 0 andr = (r1,...,7m,) € R" withr; > h, Vi,
dp (PH.(ph, 1), PHi(pn)) < [IPh — Phlloo + €, (8)
where
¢ :=max sup |pn(z) — pr(Xy)]|- 9)

b fle=Xi<rs

We estimate the distance ||pj, — pr || by using the bootstrap. First, we generate B bootstrap samples
(X5, ., X {XB, ..., X}, by sampling with replacement from the original sample. On
each bootstrap sample, let T; = vV'nh||py, — D}, || o, where D}, is the kernel density estimator computed

on ith bootstrap samples { X7, ... ,)?jl} Let the bootstrap quantile Z,, as
1B
Ea:inf{z: B;I(Ti>z)§a}. (10)

Then we define our confidence set as

C, = {P: dp (P,PH, (pn,7)) < Z“hd +a}. (11)
n

This confidence set is a valid asymptotic 1 — « confidence set, as in the following theorem:

Theorem 4. The confidence set éa in (T0)) is asymptotically valid and satisfies

P (dB (PH.(ph,7), PHa(pn)) < Zo +5r) >1l—a+0 (\/T> : (12)
nhd n

Note that this is a valid confidence set, but computing PH, (py,, r) exactly is infeasible. Hence we
further approximate this by considering the weighted Cech complex and the weighted Rips complex.
For L,h > 0 and r € R™ with r1,...,7, > 0, let the samples of high density as

. {Xi pn(Xs) > L;1<i<n}, L>0,
TR, L<o.

n

. y ~L ~L
Consider the weighted Cech complex Cech(X,,,r) and the weighted Rips complex R(X,,,7).
Let PHY““" (5, r) and PHE(py,, r) be the corresponding persistent homology of the filtrations

. ~L ~L
{Cech(X ”’T)}LGR and {R(X "’r)}LeR’ respectively. Then we have the following stability

theorem:
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Theorem 5. Suppose Assumption|l|holds for the density function p and Assumption |2\ holds for the
kernel function K. For any given h > Q0and r = (r1,...,r,) € R" withr; > h, Vi,

dg (PHE" (5, r), PH. () ) < (1P — prlloo + - (13)
and
dp (PHE (D, ), PH.(pn)) < |Bh — palloo + Cor- (14)

As before, we estimate the distance ||pr, — prl|o by using the bootstrap, and define our confidence
sets as

Cdet = {P: i (P PHO (7)) < 2 +a}, (15)
n
Ch .= {73: dp (P,PHE (B, 7)) < \/‘% +62,}. (16)
n

These confidence sets are valid asymptotic 1 — « confidence sets, as in the following theorem:

Theorem 6. The confidence set 65 ech jn (13) is asymprotically valid and satisfies

~ Za ~ 1
P <dB (PHSECh(phar)yPH*(ph)> < jlhd + CT‘) >1-a+0 (\/;) . (17)

Similarly, the confidence set C Rips jp (T6) is asymptotically valid and satisfies

P (dn (PRI ) PHL) < = 432, ) 2 1= 040 WD S ay

nh

Remark 7. If we set r; = r,¥i € [n], we can replace ¢y, with  /3,..

5 Examples

To illustrate how one can use the methods in the previous section to do statistical inference on
topological features of data generating distributions, we calculate persistence diagrams of PHf(ﬁh, T)
and their confidence sets on toy examples. We make 2 synthetic data sets with circular shapes
which are described in the left side of Figure|l|and[2| The right side shows persistence diagrams of
PH*R(ﬁh, 7). Each black dot indicates the birth and death of each 0-th homology class corresponding
to each connected component. Similarly, each red triangle represents the birth and death of each 1-st
homology class related to each one-dimensional hole. For all diagrams, the shaded banded regions
correspond to 90% confidence sets in the sense that any homology class contained in the bands cannot
be distinguished from the diagonal lines within the confidence sets. In other words, homology classes
outside of band illustrate significant topological features of the underlying distribution. We refer to
Fasy et al.[[2014] for the detailed interpretation. In Figure E] (c) and E] (c), we can check there are
a black dot and a red triangle outside of band which coincide to the fact that most of the data are
distributed around a circle with a hole.

Persistence diagrams of PH(5;,, ) depend on choices of parameters h and r = (rq,...,7,). To
choose appropriate parameters, we can select the parameter that maximizes the total number of
significant homology classes which is a generally adopted strategy in TDA [Chazal et al.,|[2014]. In
our case, we can also use another heuristic but intuitive parameter selection method based on the
diagram of the Rips complex filtration { R(X'),7)}, . Recall that PH[ (ps,7) is the persistent

homology of the filtration {R(X L 7")} LeR- Since it is based on Rips complex with radius r,

n
PHE (Ph,r) can only capture the homology classes whose birth time is smaller than  and death time
is greater than r in the Rips diagram. Therefore, once the Rips diagram reveals some seemingly
significant homology classes whose lifetimes are longer than the others, we can choose appropriate h
and r to make sure the base line Rips complex contain the seemingly significant homology groups.
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Figure 1: One circle with additive noise example. (a) Data points uniformly distributed over a circle with
additive Gaussian noise. (b) Rips diagram. (c) Persistence diagram of KDE filtration on Rips complex.
(ri =h=0.7, Vi)
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Death
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Figure 2: One circle with background noise example. (a) Data points uniformly distributed over a circle, and
few outliers are added to the data set. (b) Rips diagram. (c) Persistence diagram of KDE filtration on Rips
complex. (r; = h = 0.65, Vi)

6 Conclusions

In this paper we have developed a new methodology for constructing asymptotic confidence sets
for persistence diagrams of density level sets that are computationally less expensive than existing
procedures.

There are two main open questions that we will address in future work. First, while we successfully
avoid evaluating the KDE on a grid of points in order to compute the persistent homology, we still
need to calculate the values of the KDE on a grid to obtain the quantities ¢, in (9) and Z,, in (I0).
As computing the persistent homology is a much bigger computational bottleneck, overall we have
significantly reduced the computation time. However, the computation time still depends on the
ambient dimension. To address this issue we propose to approximate ¢, and Z,, using quantities that
can be computed only evaluating the KDE on the sample points. In detail, we propose to replace ¢,
by the similar quantity

Cp := max sup 1Dr (X;) — pr(X3)].
? XjGB(Xi,Ti),X]‘#Xi

Under mild conditions on the density, such as the (a, b) condition of |Cuevas and Rodriguez-Casal
[2004], it can be shown that ¢, and ¢, are close with high probability. Then a weaker form of the
stability theorem will guarantee that our results remain valid with ¢, replaced by ¢,.. Secondly, we
can replace z,, with the (1 — a) quantile of the the bootstrap replicates of the L., norms of the
differences between pj, and its bootstrap version py, evaluated only at the sample points. In order to
show that this quantity is close to Z,, with high probability we will also assume the (a, b) condition.



247

248
249

250
251

252
253

254
255

256

264
265

267
268
269

270
271

272
273

274
275

276
277
278

279
280

281
282

283

284

285
286
287

288

290
291

292
293

References

S. Balakrishnan, S. Narayanan, A. Rinaldo, A. Singh, and L. Wasserman. Cluster Trees on Manifolds. ArXiv
e-prints, July 2013.

A. Bjorner. Handbook of combinatorics (vol. 2). chapter Topological Methods, pages 1819—-1872. MIT Press,
Cambridge, MA, USA, 1995.

Omer Bobrowski, Sayan Mukherjee, and Jonathan E Taylor. Topological consistency via kernel estimation.
arXiv preprint arXiv:1407.5272, 2014.

Peter Bubenik. Statistical topological data analysis using persistence landscapes. J. Mach. Learn. Res., 16(1):
77-102, January 2015.

Benoit Cadre. Kernel estimation of density level sets. Journal of Multivariate Analysis, 97(4):999-1023, 2006.

Kamalika Chaudhuri and Sanjoy Dasgupta. Rates of convergence for the cluster tree. In Advances in Neural
Information Processing Systems 23, pages 343-351. 2010.

Frédéric Chazal, David Cohen-Steiner, Marc Glisse, Leonidas J Guibas, and Steve Y Oudot. Proximity of persis-
tence modules and their diagrams. In Proceedings of the twenty-fifth annual symposium on Computational
geometry, pages 237-246. ACM, 2009.

Frédéric Chazal, Brittany Terese Fasy, Fabrizio Lecci, Alessandro Rinaldo, Aarti Singh, and Larry Wasserman.
On the bootstrap for persistence diagrams and landscapes. CoRR, 2013.

Frédéric Chazal, Brittany T Fasy, Fabrizio Lecci, Bertrand Michel, Alessandro Rinaldo, and Larry Wasserman.
Robust topological inference: Distance to a measure and kernel distance. arXiv preprint arXiv:1412.7197,
2014.

Moo K. Chung, Peter Bubenik, and Peter T. Kim. Persistence diagrams of cortical surface data. In Information
Processing in Medical Imaging, 21st International Conference, IPMI 2009, Williamsburg, VA, USA, July 5-10,
2009. Proceedings, pages 386-397, 2009.

Antonio Cuevas and Alberto Rodriguez-Casal. On boundary estimation. Advances in Applied Probability, 36
(02):340-354, 2004.

H. Edelsbrunner and J. Harer. Persistent homology -— a survey. In Surveys on discrete and computational
geometry, volume 453, page 257. Amer Mathematical Society, 2008.

Herbert Edelsbrunner and John Harer. Computational topology: an introduction. American Mathematical Soc.,
2010.

Justin Eldridge, Mikhail Belkin, and Yusu Wang. Beyond hartigan consistency: Merge distortion metric for
hierarchical clustering. In Proceedings of The 28th Conference on Learning Theory, volume 40, pages
588-606. PMLR, 2015.

Brittany Terese Fasy, Fabrizio Lecci, Alessandro Rinaldo, Larry Wasserman, Sivaraman Balakrishnan, Aarti
Singh, et al. Confidence sets for persistence diagrams. The Annals of Statistics, 42(6):2301-2339, 2014.

J. A. Hartigan. Consistency of single linkage for high-density clusters. Journal of the American Statistical
Association, 76:388-394, 1981.

John A. Hartigan. Clustering Algorithms. John Wiley & Sons, Inc., New York, NY, USA, 99th edition, 1975.
Allen Hatcher. Algebraic Topology. Cambridge University Press, 2002.

Jisu Kim, Yen-Chi Chen, Sivaraman Balakrishnan, Alessandro Rinaldo, and Larry Wasserman. Statistical
inference for cluster trees. In Advances in Neural Information Processing Systems 29, pages 1839—-1847.
2016.

Jeft M. Phillips, Bei Wang, and Yan Zheng. Geometric inference on kernel density estimates. CoRR,
abs/1307.7760, 2013. URL http://arxiv.org/abs/1307.7760.

Alessandro Rinaldo and Larry Wasserman. Generalized density clustering. The Annals of Statistics, 38(5):
2678-2722, 2010.

Afra Zomorodian and Gunnar Carlsson. Computing persistent homology. Discrete Comput. Geom., 33(2):
249-274, February 2005.


http://arxiv.org/abs/1307.7760

294

296

297

298
299
300

301

302

303
304

305
306

308
309

310
311

312

314

315
316

317

318

319

320

A Stability Theorem for Persistence module

This section gives an introduction to the Stability Theorem on persistence module. We refer to|Chazal
et al.| [2009] for more details.

A persistence module is an algebraic abstraction of a persistent homology.

Definition 11. [|Chazal et al.l|2009, Definition 2.1] A persistence module F is a family {F1,} ..cr of
Zo-vector spaces indexed by the elements of R, together with a family {fLL/ cFp — Fri}i<ip of
homomorphisms such that: VL < L' < L, fLL” = fg/ ) fLL' and ft =idp,.

We say that F is tame if F', is a finite dimensional vector spaces for all L € R.

For two functions f, g : X — R satisfying || f — glloo < e, their sublevel sets filtrations are nested

as follows: VL € R, X] € X¢ . C XJ_,. Byletting F, = Hj,(X]) and G, = Hj(X}),
this induces the homomorphlsms induced by the inclusions as F;, — G4 — FpLi2.. Also, the
canonical inclusions X{ C Xf, and X C XY, for L < L’ induces homomorphisms as Fy, — F,
and G, — Gr/. This homomorphisms relations can be extended to persistence modules as follows:

Definition 12. Two persistence modules F and G are said to be strongly e-interleaved if there exist
two families of homomorphisms {¢r, : Fr, = Grie}rer and {¢r : G, = Fpic}Ler such that the
following diagrams commute for all L < L':

L—c Froye Frye——Fric (19)
YL
OL—e Y YL
GL —_— GL/ GL —_— GL/
Fr, —— Fp, Fr, —— Fp,
GL/J,.E GL+e E—— GL/—i-e

If two persistence modules are strongly interleaved, then their bottleneck distance are close, which is
the strong stability theorem.

Theorem 8 (Strong Stability Theorem). [[Chazal et al.l 2009 Theorem 4.4] Let Fr and Gg be two
tame persistence modules. If Fr and Gy are strongly interleaved, then dg(Fg,Gr) < €.

B Proofs

For bootstraping the /o, distance ||pj, — ||« as described in Section 4} Theorem 9] gives its validity.
For its proof, see [Fasy et al., 2014, Theorem 12] and [Chazal et al., 2013, Theorem 2.1].

Theorem 9.
1
P (Vahi|py —pilloe < 2a) =1-a+0 (\D '

Theorem [3| Suppose Assumption[I|holds for the density function p and Assumption 2| holds for the
kernel function K. For any given h > 0 andr = (r1,...,7m,) € R" withr; > h, Vi,

dB (PH*(ﬁha 7’)7PH*(Ph)) S ||§h 7ph||oo +/C\ra
where

¢, :=max sup |pn(z) — pn(Xy)|.
b fle=Xill<rs

10
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Proof of Theorem[3] From the strong stability theorem in Theorem [§] it is sufficient to show strong

e-interleaving conditions in (]EI) on the homology level. And since Dy, and D 1, are all sets, inclusion
relations will carry over to the homology. Hence it is sufficient to show that enough to show that

Dy C DL—Hﬁh—;DhHoo—Er’ and Dy C DL—Hﬁh—thoo—EM for VL € R.

For the first part, if L < ||py, — phl|co, then Dy, C BL*Hﬁh*thx*Er = R?. If not, suppose x € Dy,
which is equivalent to py,(z) > L. Then
Pr(x) 2 pr(z) = |Ph — palloc = L — ||Ph — prllee > 0.
Then from Assumption supp(K) C B(0,1), hence py(x) > 0 implies that there exists some
X; € X, such that ||z — X;|| < h. Then from the condition h < r;, || — X;|| < r; holds, and
pn(Xi) = pn(x) =€ = L — [|ph — pullec —Cr-

Hence z € ﬁL—H@L 2, holds. i.e. Dy, C ﬁL—Hﬁh 2, holds.

—Phlloo— —Phlloo—

For the second part, if L < ||pr, — pnl/co, then lA)L C D pr—pnllee—z, = R?. If not, suppose
T e ﬁL. Then there exists X; € X, such that ||z — X;|| < r; and p,(X;) > L. Then

Pu(x) > pu(Xi) =& > L =&,

holds, and then
pr(E) = pu(®) = Ph — Phlloc = L = [[Ph — Phlloc — -

Hence = € DL—Hﬁh—PhHoo—Er holds, i.e. Dy, C DL—Hﬁh—thoo—Er holds.

O
Theorem El The confidence set 6a in (T1) is asymptotically valid and satisfies
Z 1
P ( dg (PH.(pn,7), PH.(pp)) < ad +/C\7~)2101+0 — .
(o (PH. (). PH 1) < 2 !
Proof of Theoremd] Theorem [3]and Theorem 9] together imply as
~ ga -~ ~ -~ 2()( ~
P (o (PH. 1), PR 1) < 24 ) 2 (I = Pl +0 < 2 4,
=P (Vahlpn = pilloe < %)
1
=1—-a+0 < > .
n
O

Theorem 5} Suppose Assumption[l|holds for the density function p and Assumption 2| holds for the
kernel function K. For any given h > 0and r = (r1,...,r,) € R" withr; > h, Vi,

dp (PHE (5, 1), PHL (p1) ) < 1B — palloo + o, (20)

and
dp (PHE(Dh, ), PH.(pn)) < |Bh — palloo + Cor- 1)

Proof of Theorem[5] (Step 1)
In this proof, write C'(r) for Ceech(&,,,) and write R(r) for R(X,,,r), for convenience.

Let € > 0 to be defined later, L € R, and r = (rq,...,7,) € R™ with ry,...,r, > 0. Triangulate
X. With taking subdivision if necessary, assume that Dy, Dy _., sd (ﬁL(r)) sd (ﬁL,E(r)>,

11
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B(X;,ri), B(X;,2r;) are subcomplices. We first consider two simplicial maps from Nerve Theorem
[Bjorner, (1995, Theorem 10.6]. We define a simplicial map ¢’ : sd (ﬁﬂr)) — sd (Cr(r)) to
be a barycentric map induced from ¢ — {X; € XX : 0 € B(X;,r;)} (where each B(X;,r;) is
understood as a simplicial subcomplex of X). We also define a simplicial map 97, : sd (CL( )) —

k r "
sd (DL( )) to be a barycentric map induced from {X,,,,..., X, } — 21177 . Then the proof
175
of [Bjorner, 1995 Theorem 10.6] implies that 5-
UL o ¢L ~idp, (. and ¢f o Yf = ide, (. (22)

Also, suppose ' = Ar for some A\ € [1,00), and suppose L’ < L. Then for each o € sd (ﬁﬂr)) ,
since vertices of o can be ordered by inclusion relation, we can define its minimal vertex min o. Now
let A, := {Xi e X . mino € B(X;, rl)} be understood as a simplex in C7,(r') (it is indeed
a simplex since mino € B(X;,r;) implies | X; — X;|| < 7; 4 7;), then [|¢} (o)]], |65 ()|
||As||. Hence for any v € B, (sd (lA)L (r))), ¢% () and ¢, () are homotopic to each other in
sd (Cp/(r")), and hence in H, (sd (Cp (1)),

’

(L)« [v] = (9L,)«[7]- (23)
Also, 97 satisfies that if o € sd (C’L(r)) N sd (CL/ (r')) with " = Ar for some A € (0, 00), then
Uy (0) = ¥y (0). (24)
(Step 2)

We prove (20), i.e. Stability Theorem with Cech complex. Let € := ||pr, — pp|oo + ¢ Our goal
is to define simplicial maps @7, : D, — sd (Cp_e(r)) and ¥y, : sd (Cp(r)) — Dp_. so that
(1), : H(Dr) = H, (Cp—e(r)) and (¥1), : H, (Cr(r)) = H.(Dp_.) are homomorphisms
satisfying strong e-interleaving conditions in (I9). Then Strong Stability Theorem (Theorem [8))

implies (20).
Now we construct ®; and U . Let 15_’5 : Dy — sd (ﬁL_e(r)) zf"D sd (lA)L(Qr)) — Dpr_.

be simplicial maps induced from the inclusion maps. And then we define ®;, := ¢} __ oY =D,

Dy — sd(Cr_c(r)) and Uy, := 1P=P oy - sd (Cp(r)) — Dy_.. For L' € Rwith I/ < L,

leteP,;, : Dy — D%, sd (Cp(r)) — sd (CL(r)) be simplicial maps induced from the
inclusion maps.

First we show that the diagram in (25) commutes,

H*(DL+€) H*(DL’—G) (25)

k\ NS

H, (C’L(r)) ——H, (C’L/ (7‘))

i.e. compare Uy 04¢ , 0®p c: Dyy. — Dp/_ctoinclusionmap?, ;. :Dpye — Dy
For € B. (D). e 811.(9) = 641). 50 Wy 015y 0011 15) = vy 2010, T
since ¢} () € By (sd (Cr(r))) C By (sd (Cr:(r))). @4) implies

Y o dL(Y) = YL o dL(Y).

Then from (22)),
(W5 0 67). ] = idp, ] = 1]

in H, (BL(r)). Since Dy (r) € Dy,
(Wp o1l po®rie), M= @WLoor), W =0 = (Lyesr—o), D]
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in H,(Dp/ _.) as well.

Second, we show that the diagram in (26) commutes,

/ . /

i.e. compare Wy, 04§ ,;, : sd(Cp(r)) = Dpr—ctod? ., oWy :sd(CL(r)) = Dr/—.. For
v € B, (sd(RL(r))v), note that \IIL/ o zg_w,( Y=, (y)andP__,;,_ oWL(y) =17 (y). Then
since v € B, (sd(C(r))) C B. (sd(Cr/(r))), @4) implies

Vol (V) =95 (0) =v5(y) = —ep—c 0 Y (3),

hence (Wpr 02§ ;). [V = (tP_ o V¥L), [7]in H (D _o).
Third, we show that the diagram in (27) commutes,

«(Drr—e) (26)

H,

H, (D) ——= H,(Dy) Q7

V S

H, (OL+E(T)) H, (OL’—G(T))

i.e. compare 7 012, 0 W . sd (Cpye(r)) = sd (Cri—e(r)) to inclusion map 1§, ;.
sd (CL+€(T)) — sd (CL/_E(’I")). For v € B, (sd (CL+E(T))), note that \IIL-‘ré(’Y)V = ¢£+E('y),
s0 @0l 0 W(v) = ¢, ol (7). Then since v € B, (sd(Crie(r))) C

B, (sd (C’L/_e(r))), (24) implies
¢Tl./7e © ¢£+e<7) = ¢2'7e © ¢£'76(7)~

Then from 22)),
(Dot 0 Wrie), M = ($h—c 0wl o), [ = Z.dsd((‘:L,ﬁ(r))[’Y] =hl= (Zg+e—>L/—e)* [

in H, (sd (C'L/,E(r))) =~ f, (C’LI,E(T)).
Fourth, we show that the diagram in (28) commutes,

H DL —>H DL/ (28)
C’L e

i.e. compare &7/ 0P, : Dy — sd(Cpr_(r)) 01§ ;. o®r : Dy — sd(Cp/_(r)). For
v € B, (Dp), note that @1, 042, ,(v) = ¢}, _.(v) and§_._,;,_ o ®r(y) = ¢} _.(v). Then
from (23),

(Pr o), = (¢5_0), M= (81_0), M= (5 sr_c0o®L), [l

in H* (Sd (C’L/,E(T))) = H* (C’L/,G(T‘)).

(Step 3)

We prove (21)), i.e. Stability Theorem with Vietoris-Rips complex. Let € := ||p, — pa || + C2r. Our
goal is to define simplicial maps @1, : Dy, — sd (Rp—.(r)) and ¥, : sd (Rr(r)) = Dp_. so that
(®1), : H{(Dr) » Hy (Rp—(r)) and (¥y), : H. (Rr(r)) = H.(Dr_.) are homomorphisms
satisfying strong e-interleaving conditions in (I9). Then Strong Stability Theorem (Theorem [8))

implies (27).

CLLE( ))
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Now we construct ®;, and ¥;. Let zD”D : D — sd (ﬁL,e(r)), zgﬂR : sd (C’L(r)) —
sd (Rp(r)), 7C : sd (Ry) — sd (Cp(2r)), PP : sd (ﬁL(zr)) — Dy _. be simplicial maps

induced from the inclusion maps. And then we define &, := 1§=% o @7 _o:P=D : D, —

sd(Rp_.(r)) and Uy := 1D>D 0 42" 0 48>C . sd (R (r)) — Dy_.. For L' € R with L’ < L,
leti? ., : D, — Dy, zL_,L, : sd(Rr(r)) — sd(Rp(r)) be simplicial maps induced from the
inclusion maps.

First we show that the diagram in (29) commutes,

H*(DL+€) H*(DL’—E) (29)

k\\ Wy

H. (Rp(r)) — H. (Rp (1))

i.e. compare Wy 0 |, 0o®p : Dpy.— Dp—ctoinclusionmap?, ., :Dpye — Dpi_.
For) € B. (D, 0t it B14c1) = 650). 50 00y 2113) = 5 .5,0). Then
since ¢ () € B, (sd (Cr(r))) C B (sd (Cr/(2r))), @4) implies

Uir o ¢L(Y) = ¥L o dL(v).

Then from 22)),
(YL odL). [V = ZdDL(r)[ 1=l

in H, (Z)L(r)). Since Dy (r) € Dy,

(Upoafo®rie), (V= Whodh), M=M= (lresr—), 1]
in H.(Dp/_.) as well.

Second, we show that the diagram in (30) commutes,

E DL’fe) (30)

//

« (Rp(r

i.e. compare ¥y, o zf_”;, : $d(Rp(r)) = Dr—. to Z?—e—)L’—e oWy : sd(Rp(r)) = Dp/—.. For
7 € B 1)ttt U 0 r) = 00y 09 (2) = ). Then
since v € B, (sd(C(2r))) C B, (sd(Cr/(2r))), @4) implies

W0 ZfﬁL/(’y) = %7"(7) = %T(’Y) = ngeﬂL’fe o \I/L(’Y)a
hence (W o), [V = (F_cp—co¥i), [y]in Ho(Dp—o).
Third, we show that the diagram in (3T) commutes,

H,(Dp) — H, (Dr/) 3D

V oo

Ho (Rpye(r)) H. (R ()

i.e. compare @1/ 0P ;oW .. :sd(Rpie(r)) — sd(Rp—(r)) to inclusion map 1L+6_)L, :
Sd(Rp+e(r)) — sd(Rp/—e(r)). For v € B, (sd(Rp+e(r))), note that ¥y, (y) = LZJL+6(7),
s0 ®p 0P 0 Wi (y) = @7, o . (7). Then since v € B, (sd(Crie(2r))) C
B, (sd (Cp/—c(r))) with subdivisions if necessary, (24) implies

¢2’—e © /lz[}%’:i-e(’Y) = (bTL’—s o d}E’—e(rY)'
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Then from (22)),
(@r—cotvro), M =idye,, wy)bhl=D]

in H, (sd (Cr/—e(r))). Since sd (Cp/—(r)) C sd (Rp—e(r)),

((I)L' © Zf—»L’ © \I/L+6)* h/] = ((bz’—e © T/JE'—e)* h/] = [7] = (Zg—i-e—)[/—e)* [’Y]
in Hy (sd(Rp/—c(r))) = H, (R —c(r)) as well.
Fourth, we show that the diagram in (32) commutes,

H, (D) —— H, (D)) (32)

\ \
« (Rr—e( H, (Rp—e(r))

i.e. compare @1/ 0P, : D — sd(Rp—(r)) to zf;eﬁyfe o®p : Dy, — sd(Rp/—(r)). For
7 € B, (Dy), note that @1 01,1, (y) = ¢, (v) and o 1, o PL(Y) = ¢},_(7)- Then

from (23),
(@ o), B = (d1—e), bl = (01-), M = (Focss—e 0 ®r), ]

in H, (sd (Cp—e(r))). Since Cp/—c(r) C Rp/—(r), the same relation holds in H., (sd (Rp/_c(r)))
as well. O

Theorem @ The confidence set 65“h in (13) is asymptotically valid and satisfies

~ Zo ~ 1
P (dB (PH*CGCh(PmT%PH*(Ph)) < \/ZW + cr) >1-a+0 (\/2) :

Similarly, the confidence set éfips in (16)) is asymprotically valid and satisfies

_ 1
P (s (PRI G ). PR 1) < +cQT)21—a+o< )

Proof of Theorem[6] Theorem 5]and Theorem 9] together imply as

Cech (=~ 201 ~ i~ ~ /Z\oz ~
F (s (PR (). PHL 1)) < 2 4) 2 B (I =l + 60 < 2 45,

=P (Vihllpn — Pl < Za)

:1—a+0<\F>,
n
and

R z
P (dB (PHE By, 7), PH.(pn)) < —= + ch> (IIph Prlloo +C2r < F + ch>
:]P’(vn ||ph*PhHoo<Za)

cavo{).
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